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IUEM, 29280, Plouzané, France.
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The linear instability of baroclinic flows in two superimposed and coupled, immiscible fluids is studied
theoretically. These flows are westerlies, and they are thermally or mechanically coupled. The fluids are
stably stratified, internally and mutually (the upper fluid is lighter than the lower fluid). In each fluid,
two-level surface quasi-geostrophy governs the evolution of the perturbed westerly flow. The perturbations
are horizontal normal modes. Firstly, the models are not coupled and the flow instability in each fluid is
validated separately against the results of the classical Eady model of baroclinic instability. Secondly, the
two fluids are thermally and/or mechanically coupled.
With thermal coupling, and for meridionally uniform perturbations, a new mode of instability appears for
long waves. This pair of unstable modes converges towards the modes of the uncoupled fluids at medium
wavelengths. For perturbations with a non trivial meridional structure, the thermal coupling essentially
damps the instability. For an upper flow with a larger deformation radius than in the lower flow, the
growth rates of the perturbation are therefore more strongly altered in the former than in the latter. With
mechanical coupling, the instability is essentially damped at large to medium scales, while the short-wave
cut-off is extended towards smaller waves. When the fluids are both thermally and mechanically coupled,
these effects add up. This very idealised study is a first step towards studying more realistic cases.

Keywords: surface quasi-geostrophy, two fluid coupling, linearised equations, baroclinic instability, Eady
model.

1. Introduction

In the Earth atmosphere and oceans, winds and currents carry heat from the Equator to
the poles (Richardson 1983, Carton 2010). In the complex atmospheric and oceanic flow
patterns, west-east (zonal) flows are often energetic (e.g. the Gulf Stream). These strong
and narrow currents can become unstable and produce dynamical features with different
scales (vortices, filaments). Then the zonal currents interact non-linearly with these features
(Fernández-Castro et al. 2020, Vic et al. 2021). For instance, the Antarctic Circumpolar
Current (ACC) often becomes unstable and produces mesoscale waves and vortices, a few
hundred kilometers in size (Carton 2001). Flow instabilities are one of the processes by which
energy is exchanged between scales in the ocean or in the atmosphere (Holland and Haidvogel
1980, Tulloch et al. 2011, Meunier et al. 2013, Duarte et al. 2016).
In the literature of planetary fluid dynamics, the response of oceanic motions to atmospheric
forcing, or vice versa (one-way interactions) has been amply studied. Less common are
theoretical studies of coupled ocean-atmosphere dynamics (that is, with two-way interac-
tions). Recently, the coupling of oceanic and atmospheric flows has been shown to affect
ocean dynamics at the mesoscale or submesoscale (Renault et al. 2016, 2017, 2018). In
particular, these latter studies have shown that oceanic mesoscale motions are weaker with
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ocean-atmosphere coupling than in the presence of atmospheric forcing only. Therefore, the
ocean-atmosphere dynamics with two-way interactions is clearly not the superposition of the
two dynamics with one-way interactions; this is due to the nonlinearity of these motions.
Another study (Moulin and Wirth 2014) discovered a new type of barotropic instability
occuring from the mechanical coupling of the ocean and the atmosphere. It grows first in the
ocean at scales of the baroclinic radius of deformation and then spreads to the atmosphere.
In a following study (Moulin and Wirth 2016), the same authors showed that the mechanical
coupling of the ocean and the atmosphere leads to kinetic energy absorption by the ocean
and conversely, that the ocean variability leaves an imprint in the atmospheric state when
the coupling between the two fluids is strong.
The present theoretical study is devoted to understanding how the coupling of two immiscible
fluids flowing in the same direction modifies their existing instabilities.

In detail, we investigate how two unstable parallel flows, one in a lighter fluid above and
one in a heavier fluid below, evolve linearly when they are coupled. We contrast the coupled
flow instability with the uncoupled flow instability. Our westerly flows have a vertical shear of
horizontal velocity, necessary for baroclinic instability on a rotating planet. We generalise the
Eady model (Eady 1949) to two coupled fluids. The mathematical equations governing the
Eady model are derived from the surface quasi-geostrophic dynamics (Bretherton 1966, Held
et al. 1995, Lapeyre 2017). To couple our fluids, we propose two different mechanisms. Firstly,
we add a thermal relaxation at their interface to mimic a sensible heat flux proportional to
the temperature difference between the two fluids; this is called ”thermal coupling” hereafter.
Secondly, we investigate how a frictional stress between the two fluids influences the linear
instabilities. This is called ”mechanical coupling” in the following. These formulations of two-
fluid coupling, which retain some physical realism, are simple enough to allow an analytical
approach. The most unstable perturbations, their intensity and phases, are computed for each
fluid. Finally, the two coupling mechanisms are jointly in effect, and the resulting instability
is contrasted with that with only one coupling mechanism.
The paper is organised as follows: we present the surface quasi-geostrophic (SQG) equations
in section 2. In section 3, we calculate the linearised equations for the instability of thermally
coupled westerly flows and we provide an asymptotic analytical solution. Our numerical model
of the linear instability problem is validated against the Eady solution for uncoupled fluids.
Then, these equations are solved numerically for the thermally coupled model. We conduct
a sensitivity study of the growth rates and wavelengths of the perturbations to the physical
parameters and the coupling strength. In section 4, we detail the calculations and numeri-
cal results for the linear instability of mechanically coupled flows. The results are discussed
(section 5) and a conclusion is given (section 6).

2. Surface quasi-geostrophic model and equations

2.1. Basic equations: the surface quasi-geostrophic model

In this study, we use the surface quasi-geostrophic (SQG) model (Bretherton 1966, Held et al.
1995, Lapeyre 2017). This model applies to stratified fluids, in a rapidly rotating environment,
for which the potential vorticity is null in the bulk of the fluid.
Potential vorticity is

q =
[
∂2
x + ∂2

y

]
ψ + ∂z

[
f2

0

N2
∂zψ

]
, (1)

where ψ is the streamfunction. N2 is the squared Brunt Väisälä frequency: N2 =
−(g/ρ0) ∂ρ/∂z.
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When potential vorticity is null in the fluid except at its surface and bottom, the flow is
governed by surface quasi-geostrophic equations, describing the evolution of b, the buoyancy
anomaly with respect to a state of rest.

db

dt
+ w N2 = 0 for z = 0, H and b = f0 ∂zψ. (2)

In this equation w is the vertical velocity at the surface and bottom of the fluid and we have

db

dt
= ∂tb+ u ∂xb+ v ∂yb.

The horizontal velocity is: u = −∂yψ, v = ∂xψ.

This surface quasi-geostrophic equation is the basis of the Eady model for the baroclinic
instability of a single fluid flow. Baroclinic instability affects stratified and vertically sheared
flows (Eady 1949).

2.2. Basic equations : the four layer case and the various couplings at the interface

In the present study, we consider two superimposed, immiscible fluids, coupled at their
interface (z = 0) by an exchange of heat (thermal coupling) or by friction (mechanical
coupling; see figure 1). Each fluid can undergo baroclinic instability. The global evolution of
the coupled fluids will be described by two coupled SQG models. In the upper fluid (that
we label ”a”, for z > 0), the streamfunction is ψa(x, y, z, t) and the buoyancy anomaly
is ba = f0 ∂zψa. In the lower fluid (that we label ”o”, for z < 0), they are ψo(x, y, z, t)
and bo = f0 ∂zψo. We call Ho and Ha the thicknesses of the two fluids. The radii of de-
formation are the ratios σo = NoHo/f0 in the lower fluid and σa = NaHa/f0 in the upper fluid.

At the upper and lower surfaces of each fluid (levels 1, 2, 3 and 4: top and bottom of the
upper and lower fluids (see again figure 1), the buoyancy anomalies are :

ψa(x, z = Ha, t) = ψ1(x, y, t), f0
∂ψa
∂z

∣∣∣∣
z=Ha

= b1, (3a)

ψa(x, z = 0+, t) = ψ2(x, y, t), f0
∂ψa
∂z

∣∣∣∣
z=0

= b2, (3b)

ψo(x, z = 0−, t) = ψ3(x, y, t), f0
∂ψo
∂z

∣∣∣∣
z=0

= b3, (3c)

ψo(x, z = −Ho, t) = ψ4(x, y, t), f0
∂ψo
∂z

∣∣∣∣
z=−Ho

= b4. (3d)

In the absence of forcing, dissipation and of coupling, these anomalies are advected by the
local current

dbj
dt

= ∂tbj + uj ∂xbj + vj ∂ybj = 0, j = 1, 4. (4)

When the two fluids are thermally coupled, we assume that the vertical velocity at each
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Figure 1. Sketch of the 4 layer surface quasi-geostrophic model; the coupling of the upper and lower fluids is achieved
between levels 2 and 3. The mean flows at each level are represented.

surface is null; the buoyancies obey the following transport equations at each level:

db1
dt

=
db4
dt

= 0, (5a)

db2
dt

= Co(b3 − b2) + Fo, (5b)

db3
dt

= Ca(b2 − b3) + Fa. (5c)

where Co, Ca are the coupling coefficients (determining the sensible heat flux between the
two fluids).

When the two fluids are mechanically coupled, friction occurs between levels 2 and 3. Dewar
and Flierl (1987) derived the stress-driven coupling between the two fluids. In a stratified quasi-
geostrophic model, the influence of the wind on the ocean is achieved via the Ekman pumping
(the vertical velocity due to the wind-stress curl). In a surface quasi-geostrophic model, this
vertical velocity is easily introduced in the buoyancy equation for the lower fluid as:

db3
dt

+ w3No = Fo, (6)

where Fo is a supplementary forcing (which renders the mean flow stationary) and w3 is the
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Ekman vertical velocity for the lower fluid:

w3 =
1

ρof0
[∇× τ 2] · ez =

1

ρof0
[∂x(τ2)y − ∂y(τ2)x] , (7)

where ez is the vertical unit vector and τ 2 = ((τ2)x, (τ2)y) is the stress exerted by the
upper fluid flow on the lower one. Generally, this stress is a quadratic function of the velocity
difference between levels 2 and 3:

τ 2 = ρaCd |u2 − u3| (u2 − u3) , (8)

where Cd is the drag coefficient and ρa is the density of the upper fluid. If |U2| � |U3|, this
stress can be linearised as

τ 2 = Da (u2 − u3) ,

where Da = ρaCdU2.
Note that the stress of the upper on the lower fluid is opposite to that of the lower on the
upper fluid. But the vertical velocities divide this stress by the density of the local fluid.
Therefore we have w2 = −(ρo/ρa)w3. Vertical velocities are much faster in the upper than in
the lower fluid, when the former is much lighter.

We assume that the mean flow is parallel and zonal, Va = Vo = 0, as in (Dewar and Flierl
1987). We also assume that the mean flows are steady and thus, that the supplementary
forcing exactly balances the stress exerted by each fluid on the other.
In the absence of supplementary forcing, the mean flow would vary with time, and a normal
mode analysis would not be appropriate. This case is beyond the scope of the present paper.

2.3. Basic state

The basic state depends linearly on y and on z in each fluid:

Ψa(y, z) = −Πay − Λayz, (9a)

Ψo(y, z) = −Πoy − Λoyz, (9b)

where Λa, Λo,Πa andΠo are positive constants. The meridional velocities are null Va = Vo = 0,
and the zonal velocities increase with z:

Ua(z) = −∂yΨa = Λaz +Πa, (10a)

Uo(z) = −∂yΨo = Λoz +Πo, (10b)

or, at each level:

U1 = Πa + Λa Ha, U2 = Πa, U3 = Πo, U4 = Πo − Λo Ho. (11)

The mean buoyancies in the four layers are:

B1 = B2 = −f0 Λa y, (12a)

B3 = B4 = −f0 Λo y. (12b)

To ensure stationarity of Bj , the forcings Fo and Fa are:

Fo = −f0 Co y (Λa − Λo), (13a)

Fa = f0 Ca y (Λa − Λo). (13b)
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2.4. Perturbations

Adding a normal mode disturbance to the mean flow in each fluid, the total buoyancies are
bi = Bi + b′i at the four levels i = 1, 2, 3, 4, with:

b′i = βi ei(kx+ly−ωt) . (14)

From this, we obtain the streamfunction in the two fluids

ψ′j = ϕj(z) ei(kx+ly−ωt), (15)

for j = a, o and ϕj are functions of β1, β2, β3, β4. The assumptions of zero potential vorticity
in each fluid yield:

−
(
k2 + l2

)
ϕj +

f2
0

N2
j

∂2
zϕj = 0. (16)

With K2 = k2 + l2, we can write solutions as:

ϕa(z) = λa cosh

(
Na

f0
Kz

)
+ µa cosh

(
Na

f0
K(z −Ha)

)
, (17a)

ϕo(z) = λo cosh

(
No

f0
Kz

)
+ µo cosh

(
No

f0
K(z +Ho)

)
, (17b)

where λj , µj are computed from conditions (3):

λa =
β1

sa
, µa = −β2

sa
, (18a)

λo = −β4

so
, µo =

β3

so
, (18b)

where

sa = NaK sinh(NaHaK/f0) , ta = NaK tanh(NaHaK/f0),

so = , NoK sinh(NoHoK/f0) , to = NoK tanh(NoHoK/f0) .

3. Linear instability of the thermally coupled two-fluid flow

3.1. Dispersion relation

We expand the buoyancy equations (5) at first order in the perturbation at the four levels;
the left-hand side is:

dbi
dt

=
∂b′i
∂t

+ Ui
∂b′i
∂x

+ v′i
∂Bi
∂y

, (19)

and the right-hand side is coupled for the interface layers i = 1, 2 and 0 for the two other
layers i = 1, 4: the details of the calculation are provided in the first appendix.

The four dispersion relations (A.3), (A.6), (A.9) and (A.12) can be written in a matrix way:

Mβ = 0,where β = (β1, β2, β3, β4)

and

M =

(
M11 M12

M21 M22

)
(20)
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where Mij are the following submatrices

M11 =

ω − k
(
Πa + Λa

(
Ha −

f0

ta

))
−f0kΛa
sa

f0kΛa
sa

ω − k
(
Πa +

f0Λa
ta

)
+ iCo

 , (21)

M12 =

(
0 0

−iCo 0

)
, (22)

M21 =

(
0 −iCa
0 0

)
, (23)

M22 =

ω − k
(
Πo −

f0Λo
to

)
+ iCa −f0kΛo

so
f0kΛo
so

ω − k
(
Πo + Λo

(
f0

to
−Ho

))
 . (24)

We want a non trivial solution of the equation Mβ = 0. This means that det (M) should
vanish. Analytically, det (M) can be computed but we failed to find simple analytical solutions
in ω:

det (M) =

[
ω − k

(
Πa + Λa

(
Ha −

f0

ta

))] [
ω − k

(
Πo + Λo

(
f0

to
−Ho

))]
×
[
ω − k

(
Πa +

f0Λa
ta

)
+ iCo

] [
ω − k

(
Πo −

f0Λo
to

)
+ iCa

]
+
f2

0k
2Λ2

o

s2
o

[
ω − k

(
Πa + Λa

(
Ha −

f0

ta

))] [
ω − k

(
Πa +

f0Λa
ta

)
+ iCo

]
+
f2

0k
2Λ2

a

s2
a

[
ω − k

(
Πo + Λo

(
f0

to
−Ho

))] [
ω − k

(
Πo −

f0Λo
to

)
+ iCa

]
+ CoCa

[
ω − k

(
Πa + Λa

(
Ha −

f0

ta

))][
ω − k

(
Πo + Λo

(
f0

to
−Ho

))]
+
f4

0k
4Λ2

aΛ
2
o

s2
as

2
o

,

det (M) = ω4 − ω3 (δ1 + δ2 + δ3 + δ4)

+ ω2 (A+B + C + δ1δ2 + δ1δ3 + δ1δ4 + δ2δ3 + δ2δ4 + δ3δ4)

− ω (A (δ1 + δ2) +B (δ3 + δ4) + C (δ1 + δ4) + δ1δ2δ3 + δ1δ2δ4 + δ1δ3δ4 + δ2δ3δ4)

+D +Aδ1δ2 +Bδ3δ4 + Cδ1δ4 + δ1δ2δ3δ4,

where

δ1 = k

(
Πa + Λa

(
Ha −

f0

ta

))
, δ2 = k

(
Πa +

f0Λa
ta

)
− iCo,

δ3 = k

(
Πo −

f0Λo
to

)
− iCa, δ4 = k

(
Πo + Λo

(
f0

to
−Ho

))
,
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are the diagonal coefficient of the following matrix A defined in (27), and

A = (f2
0k

2Λ2
o)/(s

2
o) , B = , (f2

0k
2Λ2

a)/(s
2
a) , C = CoCa, ,

D = Λ(f4
0k

4Λ2
oΛ

2
a)/(s

2
os

2
a) = AB.

3.2. Long wave k → 0 or short wave k � 1 limits and finite width perturbations l 6= 0

The determinant can easily be computed for long zonal waves k → 0 with finite meridional
scale l 6= 0: the matrix M becomes

lim
k→0
M =


ω 0 0 0

0 ω + iCo −iCo 0

0 −iCa ω + iCa 0

0 0 0 ω

 , (25)

and the only non-real solution in ω for det lim
k→0

is:

−i[Co + Ca] < 0. (26)

This solution can easily be obtained by considering a null mean flow (the mean flow terms are
multiplied by ik), and by substracting the two linearised equations for the lower level of the
atmosphere and for the upper level of the ocean. We obtain ∂t(b

′
2−b′3) = −(Co+Ca) (b′2−b′3).

For very long wave perturbations, coupling leads to the damping of the difference between
the lower atmospheric waves and the surface oceanic waves, as it will shown later in the
numerical computation of the growth rates.

For very short waves k → ∞, with finite l, the coupling becomes inefficient (the coupling
coefficient is iC in the linearised equations while the other terms are proportional to k). We
recover two independent Eady problems, one for the atmosphere and one for the ocean, which
are stable in the short wave limit. The coupled system is also stable.

3.3. Numerical method

Numerically, this problem is solved with eigenvalue routines; indeedM = ω Id−A. Solutions
for ω such that det (M) = 0 are given by the eigenvalues of A with

A =

(
A11 A12

A21 A22,

)
(27)

with the submatrices

A11 =


k

(
Πa + Λa

(
Ha −

f0

ta

))
f0kΛa
sa

−f0kΛa
sa

k

(
Πa +

f0Λa
ta

)
− iCo

 , (28)

A12 =

(
0 0

iCo 0

)
, (29)

A21 =

(
0 iCa
0 0

)
, (30)
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A22 =


k

(
Πo −

f0Λo
to

)
− iCa

f0kΛo
so

−f0kΛo
so

k

(
Πo + Λo

(
f0

to
−Ho

))
 . (31)

From the diagonalisation of A we obtain four eigenvalues {ω1, ω2, ω3, ω4} to which corre-
spond eigenvectors {X1, X2, X3, X4}. Each eigenvector has 4 complex coordinates Xij =
Aij exp(iφij). Hereafter, we select the two eigenvectors which grow the fastest (having the
largest imaginary part of their eigenvalues).

3.4. Instability of the uncoupled fluids

When the two fluids are not thermally coupled, we have run our algorithm and we re-
cover the usual curve for baroclinic instability of a two-level SQG flow Eady (1949). The
growth rates for two identical fluids, and for an upper fluid with a deformation radius ten
times larger than that of the lower fluid, are shown in figure 2. The parameters used here
are l = 0.0, Πa = Πo = 0.0, Λa = Λo = 1.0, Ra = R0 = 1.0 for the former case, or
R1 = 10.0, Ro = 1.0 for the latter case. Obviously, in this latter case, the curve of insta-
bility for the upper fluid (”a”) is shrunk in wave-numbers, by a factor 10 with respect to that
for the lower fluid (”o”).
In this uncoupled case, pairs of eigenvectors have complex conjugate eigenvalues, and they
are confined in one fluid or in the other. Their vertical phase shift is opposite (in sign) to the
vertical shear of mean velocity (Λ). This is in agreement with the usual Eady model.
Note that Πa and Πo do not influence the instability, and that the growth rates are propor-
tional to Λa and to Λo.
Note that in the following we will keep Ro = 1.0 and Λo = 1.0; this provides a length scale
and a time scale T = 1/Λo.

3.5. Numerical results on the instability of the coupled system

3.5.1. Influence of the coupling constant at l = 0 for two identical fluids

Firstly we consider two identical and coupled fluids with Co = Ca = C. We plot the two
largest growth rates with the same parameters as for the uncoupled fluids and we vary C. The
curve ”sig0” corresponds to the uncoupled flow growth rates, while ”sig1” and ”sig2” show
the largest and second largest growth rates for coupled flows.
Figure 3 (with l = 0) indicates that :
(a) with the coupling, a new mode of instability appears at very long waves ; this pair of
unstable modes has a weakly and a strongly amplified component. They are not accounted
for by the theoretical asymptotic analysis above which relies on l 6= 0. No simple asymptotic
analysis can be carried out when l = 0.
(b) this pair of unstable modes for long waves become more unstable than the modes of the
uncoupled system, when the coupling constant increases; this occurs on a growing part of the
unstable wave-number domain.
(c) at k = 0.1, and C = 5 10−4, the eigenvectors have a nearly constant amplitude vertically
(over the two fluids); their vertical phase shift is weak in each fluid. When C = 10−2, the
phase shift remains small in each fluid, but for the fastest growing mode, a negative phase
shift now exists at the interface between the two fluids (on the order of −π/8).
(d) for medium wavelength perturbations (k = 1.5), the previous pair of unstable modes gives
way to unstable modes confined in a single fluid (the upper one or the lower one); these latter
are the modes of the uncoupled system, weakly damped near the interface, by the coupling.
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Figure 2. Two largest growth rates of the Eady baroclinic instability for uncoupled fluids; (a) identical fluids, (b) the
upper fluid has a deformation radius ten times larger than that of the lower fluid (see all parameters in the text); siga
correspond to an unstable mode in the upper fluid; sigo, in the lower fluid

Their vertical phase shift is close to −π/4 in each fluid, and a phase shift of −π/2 exists
between the two fluids (see also Appendix B).
(e) farther in k range, the short-wave cut-off of the instability is hardly modified by the
coupling.
Note that, for the rest of this section, C = 10−2 corresponds to a weak thermal coupling
(associated with a time scale Tc = 100.0).
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Figure 3. Growth rates of the Eady baroclinic instability for two identical, thermally coupled fluids with Co = Ca and
l = 0. The coupling constant increases are 5 10−4 (a) and 10−2 (b). The curve sig0 represents the growth rates for the
uncoupled system; the curves sig1 and sig2 show the two largest growth rates for the coupled system.

3.5.2. Instability of two identical coupled fluids at l = 1

Now, we consider the case l = 1, again with two identical fluids. Squire’s theorem (Squire
1933) indicates that the growth rates in this case should be smaller than those for l = 0, which
is observed (see below). Figure 4 presents the growth rates for the same flow parameters as
for the uncoupled fluid, but with C = 10−2. The curves ”sig0” correspond to the uncoupled
flow growth rates, while ”sig1” and ”sig2” show the growth rates for coupled flows.
Clearly, the coupling only weakly damps the instability in the two fluids. The numerical results
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Figure 4. Growth rates of the Eady baroclinic instability for two identical, thermally coupled fluids with Co = Ca = 10−2

and l = 1. The curve sig0 represents the growth rates for the uncoupled system, the curves sig1 and sig2 show the two
largest growth rates for the coupled system.

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  0.5  1  1.5  2  2.5

s
ig

m
a

k

Growth rates versus wavenumber (thermally coupled)

’sigo’
’siga’
’sig1’
’sig2’

Figure 5. Growth rates of the Eady baroclinic instability for two thermally coupled fluids with Ro = 1.0, Ra = 10.0,
Co = Ca = 10−2 and l = 0; siga and sigo correspond to the growth rates of the uncoupled fluids; sig1 and sig2 are the
largest growth rates for the coupled fluids.

agree with the asymptotic analysis: the system is stable in both the short-wave and the very
long wave limits. The coupling only weakly alters the short-wave cut-off of the instability.
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3.5.3. Linear instability of two different, thermally coupled fluids

First, we consider an upper fluid with a deformation radius ten times larger than that
of the lower fluid. We keep Co = Ca = C = 10−2. Figure 5 shows the growth rates of the
unstable modes (for the coupled system) compared with those of the uncoupled system. The
curves ”sigo” and ”siga” are the latter, while ”sig1” and ”sig2” are the former. In this case,
the coupling creates four specific modes:
(a) for k/le0.15 a very fast growing mode with growth rates σ ∈ [0.25, 0.7]; its phase shift lies
between −π/4 and −π/2 in the upper fluid; note that a phase shift of −π/2 occurs at the
interface between the two fluids, in relation with the iC/k coupling term.
(b) these two (fast and slowly) growing modes give way to a new pair of unstable modes for
k ∈ [0.15, 0.25] when the growth rates of the fastest growing mode reach those of mode ”a”.
(c) then, between k = 0.25 and k = 0.6, the growth rates of these modes join that of the
modes of the uncoupled system.
(d) Beyond k = 0.65, few differences are observed in the growth rates of this coupled flow,
with those of the uncoupled flow, but for a very slight change of the cut-off wave-number.

Second, we consider two fluids with the same deformation radius, but with a vertical shear
in the upper fluid tenfold that of the lower fluid (see figure 6. Clearly, the same effect of the
thermal coupling is observed: for k ≤ 0.5, the growth rates of the perturbation increase with
respect to those of the uncoupled flow, only weakly for the lower fluid , and more strongly for
the upper fluid.
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4. Linear instability of the mechanically coupled ocean-atmosphere flow: analytical
and numerical results

4.1. Equations for the linear instability of two mechanically coupled SQG fluids

We linearise the coupled buoyancy equations around this mean flow. We have

∂tb
′
o + Uo∂xb

′
o + v′o∂yBo + w

′o
e N

2
o = 0.

The Ekman vertical velocity is, for the perturbation

w
′o
e =

ρaCd
ρof0

[Ua − Uo]
[
∂x(v′a − v′o)− 2∂y(u

′
a − u′o)

]
. (32)

Therefore with our normal-mode perturbation, the linearised buoyancy equation with me-
chanical coupling, is

∂tb
′
o + Uo∂xb

′
o + v′o∂yBo = −ρaCdN

2
o

ρof0

(
k2 + 2l2

) [
ψ′a − ψ′o

]
[Ua − Uo] , (33)

at the ocean surface (layer 3), and

∂tb
′
o + Uo∂xb

′
o + v′o∂yBo = 0, (34)

at the ocean bottom (layer 4), and conversely for the atmosphere, in which the ”a” and ”o”
indices in the formulae above must be permuted.
Now the variables are Fourier decomposed and the equations are divided by ik; this provides
a pure imaginary coupling of the perturbation equations, as for the thermal coupling. Finally
we have to solve the following matrix equation: Mβ = 0 where

M =

(
M11 M12

M21 M22

)
, (35)

with

M11 =


ω − k

(
Πa + Λa

(
Ha −

f0

ta

))
−f0kΛa
sa

f0kΛa
sa

− iMCo

sa
ω − k

(
Πa +

f0Λa
ta

)
+

iMCo

ta

 , (36)

M12 =

 0 0

iMCo

to
− iMCo

so

 , (37)

M21 =

− iMCa

sa

iMCa

ta

0 0

 , (38)

M22 =


ω − k

(
Πo −

f0Λo
to

)
+

iMCa

to
−f0kΛo

so
− iMCa

so

f0kΛo
so

ω − k
(
Πo + Λo

(
f0

to
−Ho

))
 , (39)

where

MCa = −MCo = −(ρaCdN
2
o )
(
k2 + 2l2

)
[U2 − U3] /(ρof0)
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are the mechanical coupling coefficients.

This is equivalent to finding the eigenvalues of the matrix A where

A =

(
A11 A12

A21 A22

)
, (40)

A11 =


k

(
Πa + Λa

(
Ha −

f0

ta

))
f0kΛa
sa

−f0kΛa
sa

+
iMCo

sa
k

(
Πa +

f0Λa
ta

)
− iMCo

ta

 , (41)

A12 =

 0 0

− iMCo

to

iMCo

so

 , (42)

A21 =

 iMCa

sa
− iMCa

ta

0 0

 , (43)

A22 =


k

(
Πo −

f0Λo
to

)
− iMCa

to

f0kΛo
so

+
iMCa

so

−f0kΛo
so

k

(
Πo + Λo

(
f0

to
−Ho

))
 , (44)

4.2. Asymptotics of growth rates for long zonal waves k → 0 and finite width
perturbations l 6= 0

The determinant of M can easily be computed for long zonal waves k → 0 with finite merid-
ional scale l 6= 0: the matrix M becomes

lim
k→0
M =



ω 0 0 0

− iM̃Co

s̃a
ω +

iM̃Co

t̃a

iM̃Co

t̃o
− iM̃Co

s̃o

− iM̃Ca

s̃a

iM̃Ca

t̃a
ω +

iM̃Ca

t̃o
− iM̃Ca

s̃o

0 0 0 ω


, (45)

where

M̃Cj = lim
k→0

MCj = ±2ρaCdN
2
o l

2

ρof0
[U2 − U3] ,

s̃j = lim
k→0

sj = Njl sinh

(
Nj

f0
lHj

)
,

t̃j = lim
k→0

tj = Njl tanh

(
Nj

f0
lHj

)
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Figure 7. Growth rates of the Eady baroclinic instability for two mechanically coupled fluids with Ro = 1.Ra = 1.0,
Λa = Λo = 1.0, ρa = ρo, (a) MCo = MCa = 0.01, (b) MCo = MCa = 0.1 and l = 0. Again sig0 is the curve of growth
rates for the uncoupled fluids while sig1 and sig2 correspond to the coupled fluids.

for j = a, o. A pure imaginary solution to det

(
lim
k→0
M
)

is

−i

[
M̃Co

t̃a
+

M̃Ca

t̃o

]
< 0 . (46)

So the coupling tends to destabilise the system for long zonal waves. But because M̃Cj → 0
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Figure 8. Growth rates of the Eady baroclinic instability for two mechanically coupled fluids with Ro = 1.Ra = 1.0,
Λa = Λo = 1.0, ρa = ρo, MCo = MCa = 0.1 and l = 1. Again sig0 is the curve of growth rates for the uncoupled fluids
while sig1 and sig2 correspond to the coupled fluids.

as l→ 0, the destabilization is weaker as K → 0.

4.3. Numerical results for the instability of two mechanically coupled fluids

4.3.1. Coupling of two identical fluids

Since Πa = Πo cancels out the coupling, a non-zero Πa −Πo will be used in this section.
Firstly we assume that Λa = Λo, Ra = Ro, Πa−Πo = 1.0 and ∆ρ = ρa/ρo = 1.0. We calculate
the growth rates of the perturbations for two coupling strengths MCo = MCa = 0.01 and
MCo = MCa = 0.1.
Contrary to the thermal coupling (C), the mechanical coupling term is not constant; it is
MC/t or MC/s where s and t denote the hyperbolic sine or tangent; thus it depends on the
wave number. Therefore, the time scale for mechanical coupling depends on the length scale.
For k = 1, l = 0, Ra = R0 = 1.0, the term (1/s or 1/t) is on order unity. Then, the coupling
time scale is on order of tens to one hundred time units (which is 1/Λo).

The mechanical coupling damps the instability in the two fluids and slightly increases the
cut-off wave-number (see figure 7). This extension is weak for the weaker coupling but clearly
noticeable for the stronger one. The vertical phase shift of the unstable modes, for MCo =
MCa = 0.1, is −π/10. Each unstable mode is located in one fluid only.
Note that, contrary to the thermal coupling, there is no important change of growth rate for
long waves. Indeed, for l = 0, the mechanical damping term is proportional to K2 = k2 which
vanishes more rapidly than the other terms of the linear instability equation (proportional to
k).
Obviously, this remark does not hold for l 6= 0 (see the asymptotic analysis in the subsection
above). Figure 8 shows that damping occurs then for long waves.
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Figure 9. Growth rates of the Eady baroclinic instability for two mechanically coupled fluids with Ro = Ra = 1.0,
Λa = Λo = 1.0, MCo = MCa = 0.1 ρa = 0.1ρo, and (a) l = 0, (b) l = 1. Again sig0 corresponds to the uncoupled fluids
while sig1 and sig2 correspond to the coupled fluids.

4.3.2. Coupling of two different fluids

Firstly, we modify ∆ρ = ρa/ρo = 0.1, still assuming that Λa = Λo, Ra = Ro, and Πa−Πo =
1.0, with l = 0 or l = 1. The curves ”sig0”, ”sig1” and ”sig2” correspond to the uncoupled flow
growth rates, and the largest and second largest growth rates for coupled flows. The instability
is more damped in the atmosphere than in the ocean (see figure 9). Again the damping is
more efficient for non zero meridional wave-number l.

Secondly, we modify the ratio of vertical shears of velocities: we set Λa/Λo = 10.0, keeping
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Figure 10. Growth rates of the Eady baroclinic instability for two mechanically coupled fluids with Ro = 1.0, Ra = 10.0,
Λa = Λo = 1.0, MCo = MCa = 0.1, ρa = ρo, and l = 0. Again sigo and siga are the curves of growth rates for the
uncoupled fluids while sig1 and sig2 correspond to the coupled fluids.

all other parameters equal to those of the identical fluid case. Using MCo = MCa = 0.1 leads
to a 30% damping of the growth rates and a shift of the cut-off wave-number from k = 2.4
to k ∼ 3.5, for l = 0. This change is in agreement with those mentioned previously.

Finally, we modify the ratio of deformation radii Ra/Ro = 10.0. Figure 10 shows again that
the growth rates in the upper and lower fluids are damped by the coupling (a little less so in
the upper fluid), with an extension of the short wave cut-off in the lower fluid.

4.3.3. Thermal and mechanical coupling of the two fluids

We consider here the case of equal vertical shear in the two fluids Λa = Λo, but different
deformation radii Ra = 10Ro with both thermal Ca = Co = 10−2 and mechanical coupling
MCa = MCo = 0.1. The two fluids have the same density. The meridional wave-number is
null l = 0. The growth rates (figure 11) are comparable to those of the thermally coupled
fluids for long waves, while for shorter waves, the mechanical coupling extends the short wave
cut-off.

5. Discussion

This study of linear instability of two Eady flows, coupled at their interface, has shown that
with thermal coupling, and for zonal perturbations, a pair of unstable modes appears at long
waves. This pair of modes converges towards the modes of the uncoupled fluids at medium
wavelengths. For perturbations with a non trivial meridional structure, this new mode does
not exist and thermal coupling essentially damps the instability, as shown by an asymptotic
analysis of the 4th degree equations yielding the growth rates. For an upper flow with a
larger deformation radius than in the lower flow, the growth rates of the perturbation are
therefore more strongly altered in the former than in the latter. With mechanical coupling,
the instability is essentially damped at large to medium scales, while the short-wave cut-off
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Figure 11. Growth rates of the Eady baroclinic instability for two mechanically and thermally coupled fluids with
Ro = 1.0, Ra = 10.0, Λa = Λo = 1.0, Ca = Co = 0.01, MCo = MCa = 0.1 ρa = ρo, and l = 0. Again, sigo and siga are
the curves for the uncoupled fluids, and sig1 and sig2 for the coupled fluids.

is extended towards smaller waves. When the fluids are both thermally and mechanically
coupled, these effects add up. An analytical model of the modal amplitudes and phases
(Appendix B) helps interpret the effect of thermal coupling on unstable modes at medium
wavelengths. In summary, the analytical models are able to address the small and large k
cases, with l 6= 0, and the medium k cases for small coupling C.

In a very idealised manner, one could apply this study to the atmosphere and ocean, using
the following parameters: Ra = 10.0, Ro = 1.0, ∆ρ = ρa/ρo = 10−3, Λa = 3.0,Λo = 1.0, l = 0.
Figure 12 shows the growth rates for the thermally coupled flows, with Co = Ca = 10−2.
They bear a notable similarity with those of figure 5. The cases l = 1 for thermal coupling
and l = 0; l = 1 for mechanical coupling (not shown here) are similar to those of the previous
subsection.

Compared with previous studies, we do not observe here that coupling leads to a new
type of instability, as in (Moulin and Wirth 2014), but only that it modifies an existing one.
Also, Pedlosky (1975) found an instability arising from the finite amplitude coupling of the
atmosphere and ocean in an idealised quasi-geostrophic model. More work should be carried
out to assess the evolution of the perturbation in our system, at finite amplitude.

Finally, we mention that other types of coupling could have been used: radiative fluxes from
each fluid to the other, or latent heat fluxes. Our study being preliminary and idealised, we
cannot explore all possible coupling mechanisms.

6. Conclusions

As mentioned above, our study is idealised and simple. It could be complemented by numer-
ical nonlinear simulations of the evolution of the coupled flow. With such simulations, more
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Figure 12. Growth rates of the Eady baroclinic instability for two thermally coupled fluids with Ro = 1.0, Ra = 10.0,
Λa = 3.0, Λo = 1.0, Ca = Co = 0.01, ρa = 10−3ρo, l = 0. This case is indicative of parameters for the ocean and the
atmosphere. Again, sigo and siga are the curves for the uncoupled fluids, and sig1 and sig2 for the coupled fluids.

realistic velocity profiles, including in particular a horizontal shear, could be studied. This
would broaden our analysis to mixed barotropic-baroclinic instabilities, possibly revealing
new effects (as in (Moulin and Wirth 2014, Pedlosky 1975)).
Also the quasi-geostrophic framework does not allow cyclone anticyclone asymmetry. There-
fore coupling two two-layer shallow water models would be a natural extension of the present
work (and of (Moulin and Wirth 2014)). This would also allow a better comparison with the
real coupling of the atmosphere and ocean.

Another situation of interest that can be simulated numerically is the coupling of a parallel
atmospheric flow (a zonal wind) with a circular oceanic eddy. The influence of a parallel
wind on a circular eddy has been studied in the past, but only as a forcing of the former on
the latter (Stern 1965, 1966, Morel and Thomas 2009). The retro-action of the eddy on the
wind has also been investigated (Small 2008, Chelton and Xie 2010, Ji et al. 2022). How the
two effects interact and modify eddy drift in the ocean, or eddy interaction, still has to be
determined. This will be the subject of future work.
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Appendix A: Detailed calculation of the linear instability

The equations for the linear instability are, at the four levels in the thermally coupled model:
1st layer:

−iωβ1 + (Πa + ΛaHa) ikβ1 − f0ikΛaϕa(z = Ha) = 0, (A.1)
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but

ϕa(z = Ha) = λa cosh

(
Na

f0
KHa

)
+ µa =

β1

ta
− β2

sa
(A.2)

so [
ω − k

(
Πa + Λa

(
Ha −

f0

ta

))]
β1 −

f0kΛa
sa

β2 = 0. (A.3)

2nd layer:

−iωβ2 +Πaikβ2 − f0ikΛaϕa(z = 0) = Co (β3 − β2) , (A.4)

but

ϕa(z = 0) = λa + µa cosh

(
Na

f0
KHa

)
=
β1

sa
− β2

ta
, (A.5)

so

f0kΛa
sa

β1 +

[
ω − k

(
Πa +

f0Λa
ta

)
+ iCo

]
β2 − iCoβ3 = 0. (A.6)

3rd layer:

−iωβ3 +Πoikβ3 − f0ikΛoϕo(z = 0) = Ca (β2 − β3) , (A.7)

but

ϕo(z = 0) = λo + µo cosh

(
No

f0
KHo

)
=
β3

to
− β4

so
, (A.8)

so

−iCaβ2 +

[
ω − k

(
Πo −

Λof0

to

)
+ iCa

]
β3 −

kf0Λo
so

β4 = 0. (A.9)

4th layer:

−iωβ4 + (Πo − ΛoHo) ikβ4 − f0ikΛoϕo(z = −Ho) = 0, (A.10)

but

ϕo(z = −Ho) = λo cosh

(
No

f0
KHo

)
+ µo =

β3

so
− β4

to
, (A.11)

so

f0kΛo
so

β3 +

[
ω − k

(
Πo + Λo

(
f0

to
−Ho

))]
β4 = 0. (A.12)

Appendix B: An analytical model for the amplitudes and phases of the unstable modes
in the thermally coupled case

B.1. Equations

Here we follow the nonlinear model of coupled ODE’s for the amplitudes and phases of unstable
waves in the Eady problem, devised by Davies and Bishop (1994). We will only remain in the
context of normal modes, and we delay the study of singular modes to further work.
We assume two identical fluids with Λo = Λa = Λ, Ha = Ho = H, Na = No = N , µ =
NK/f0 where K is the isotropic wavenumber, and γ = 1/ sinh(µH)). With our notations, the
buoyancy perturbation at each level is

b′j(x, y, t) = Aj(t) cos(kx+ φj(t)) exp(ily),
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where j = 1, 2, 3, 4 s the level index. In the following, we will provide evolution equations for
the Aj ’s and the φj ’s.
The perturbation streamfunction is

ψ′1(x, y, t) =
γ

µ
[A1(t) cosh(µH) cos(kx+ φ1) − A2 cos(kx+ φ2)] exp(ily),

ψ′2(x, y, t) =
γ

µ
[A1(t) cos(kx+ φ1) − A2 cosh(µH) cos(kx+ φ2)] exp(ily),

ψ′3(x, y, t) =
γ

µ
[A3(t) cosh(µH) cos(kx+ φ3) − A4 cos(kx+ φ4)] exp(ily),

ψ′4(x, y, t) =
γ

µ
[A3(t) cos(kx+ φ3) − A4 cosh(µH) cos(kx+ φ4)] exp(ily).

By adequately multiplying these equations by sin(kx+φj) or by cos(kx+φj) and integrating
over a wavelength, we obtain the following set of coupled, nonlinear ODE’s

dA1

dt
= − Λγk

µ
A2 sin(φ1 − φ2) ,

dφ1

dt
= − kΛH +

Λγk

µ

[
cosh(µH)− A2

A1
cos(φ1 − φ2)

]
,

dA2

dt
= − Λγk

µ
A1 sin(φ1 − φ2) − C [A2 −A3 cos(φ2 − φ3)] ,

dφ2

dt
=
Λγk

µ

[
− cosh(µH) +

A1

A2
cos(φ1 − φ2)

]
− CA3

A2
sin(φ2 − φ3) ,

dA3

dt
= − Λγk

µ
A4 sin(φ4 − φ3) − C [A3 −A2 cos(φ2 − φ3)] ,

dφ3

dt
=
Λγk

µ

[
cosh(µH)− A4

A3
cos(φ3 − φ4)

]
− CA2

A3
sin(φ2 − φ3) ,

dA4

dt
= − Λγk

µ
A3 sin(φ3 − φ4) ,

dφ4

dt
= kΛH +

Λγk

µ

[
− cosh(µH) +

A3

A4
cos(φ3 − φ4)

]
.

B.2. Solutions

The objective now is to find approximate solutions to this system of 8 equations by assuming
that the ratio of the coupling constant to the growth rate is weak (on the order of ε � 1).
To do so, we investigate two cases of the phase shift at the interface between the two fluids,
φ2 − φ3 = π/2 and φ2 − φ3 = 0.

Start with the first case, one can show that equations for levels (1,2) and (3,4) decouple, and
that they obey the same system of equations, Hence we can assume that A2 = A3 A1 = A4

by symmetry. Writing σ = Λγ/µ, φ = φ1 − φ2 and 2φ̂ = φ1 + φ2, we have first the equation

d2A2

dt2
− C dA2

dt
− (σk sin(φ))2A2 = 0 .

We set χ = σk sin(φ). With A2(t) = A0 exp(at), we obtain the equation a2 − Ca − χ2 = 0.
Assuming a weak coupling, we set C = 2χε. A short expansion shows that a = χ(1− ε). This
indicates that the growth rate of the unstable mode is weakly decreased by the coupling.
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Then we obtain that A2/A1 = 1− ε, that is, the coupling weakly damps the perturbation near
the interface. Note that these asymptotic results cannot hold if k is small because C must be
small in front of χ.
More information can be gained by analyzing the equations for φ and for φ̂. After removing
the part independent of the coupling, and calling δφ and δφ̂ the phase differences, we obtain

d(δφ̂)

dt
= −ε(χ+ σk cos(φ)),

or, if A3 = 0,

d(δφ̂)

dt
= −εσk cos(φ),

that is, the additive phase, or propagative phase, is slowed down by the coupling. We also
obtain

d(δφ)

dt
= −2εχ,

or, if A3 = 0,

d(δφ)

dt
= 0,

showing that the substractive phase, or phase difference, is also reduced by the coupling.
Thus, the instability is lessened.
In summary, and as observed in the numerical calculations, the effect of the coupling is to
damp the growth rates, the amplitude of the wave at the interface, to slow down the waves
and to slightly reduce their vertical phase shift, for finite k and in the case of weak coupling.
No simple conclusion can be drawn in more complex situations.

Now, we end up with the second case. The equations are (assuming again identical upper
and lower fluids)

dA1

dt
= − σkA2 sin(φ);

dA2

dt
= − σkA1 sin(φ) − C(A2 −A3),

dA3

dt
= − σkA4 sin(φ) − C(A3 −A2);

dA4

dt
= − σkA3 sin(φ).

We can only infer from this, that in the general case the sum of the perturbation amplitudes
obeys the same equation as in the uncoupled case, and more particularly, that the coupling
will vanish if the unstable waves have the same amplitude at levels 2 and 3.


